The diffusion-wave equation with the Caputo derivative of the order 0 < α ≤ 2 is considered in polar coordinates in a domain 0 ≤ r < ∞, 0 < ϕ < ϕ 0 under Dirichlet and Neumann boundary conditions. The Laplace integral transform with respect to time, the finite sin-and cosFourier transforms with respect to the angular coordinate, and the Hankel transform with respect to the radial coordinate are used. The numerical results are illustrated graphically.
Introduction
The time-fractional diffusion-wave equation with Γ(α) being the gamma function.
Starting from the pioneering papers [7] , [10] , [11] , [30] , [33] , considerable interest has been shown in solutions to time-fractional diffusion-wave equation. Several problems in polar or cylindrical coordinates were studied in [8] , [15] - [18] , [20] - [25] , [28] . In this paper, the time-fractional diffusionwave equation with the Caputo derivative of the order 0 < α ≤ 2 is considered in a wedge domain 0 ≤ r < ∞, 0 < ϕ < ϕ 0 under Dirichlet and Neumann boundary conditions.
Mathematical preliminaries
The integral transform techniques (see, e.g., [3] , [5] , [31] ) allow us to remove the partial derivatives from the considered differential equations and to obtain algebraic equations in a transform domain.
The Laplace transform is defined as
where s is the transform variable. The inverse Laplace transform is carried out according to the Fourier-Mellin formula
where c is a positive fixed number. The finite sin-Fourier transform is a convenient reformulation of the sin-Fourier series in the domain 0 ≤ x ≤ L:
3)
The finite sin-Fourier transform is used in the case of Dirichlet boundary condition, as for the second derivative of a function we have
The finite cos-Fourier transform is the convenient reformulation of the cos-Fourier series in the domain 0 ≤ x ≤ L:
where η n is defined by (2.5). The prime near the summation symbol in (2.8) denotes that the term with n = 0 should be multiplied by 1/2. The finite cos-Fourier transform is used in the case of Neumann boundary conditions, as
The Hankel transform is defined as
10)
where J ν (r) is the Bessel function of the order ν. The basic equation for this integral transform reads:
The Dirichlet boundary condition. Statement of the problem
Consider the time-fractional diffusion-wave equation in polar coordinates in a domain 0 ≤ r < ∞, 0 < ϕ < ϕ 0
under initial conditions
and Dirichlet boundary conditions
The condition at infinity is also assumed
The solution reads:
where G f (r, ϕ, ρ, φ, t) is the fundamental solution to the first Cauchy problem, G F (r, ϕ, ρ, φ, t) is the fundamental solution to the second Cauchy problem, G Φ (r, ϕ, ρ, φ, t) is the fundamental solution to the source problem, G g 1 (r, ϕ, ρ, t) is the fundamental solution to the first Dirichlet problem, G g 2 (r, ϕ, ρ, t) is the fundamental solution to the second Dirichlet problem.
The fundamental solution to the first Cauchy problem under zero Dirichlet boundary condition
In this case we have
is the Dirac delta function. It should be noted that the twodimensional Dirac delta function in Cartesian coordinates after passing to polar coordinates takes the form 1 2πr δ(r), but for the sake of simplicity we have omitted the factor 1 2π in the delta term as well as the factor 2π in the solution (3.7).
The Laplace transform with respect to time t applied to (3.1) gives
Next we use the finite sin-Fourier transform (2.3) with respect to the angular coordinate ϕ, thus obtaining
The Hankel transform (2.10) with respect to the radial variable r with ν = nπ/ϕ 0 leads to the solution in the transform domain
The inverse integral transforms result in
where E α (z) is the Mittag-Leffler function in one parameter α (e.g. [6] , [9] , [19] ):
The fundamental solution to the second Cauchy problem under zero Dirichlet boundary condition
This solution is obtained for
g 1 (r, t) = 0, g 2 (r, t) = 0, and has the form
where E α,β (z) is the generalized Mittag-Leffler function in two parameters α and β described by the following series representation ( [6] , [9] , [19] ):
The fundamental solution to the source problem under zero Dirichlet boundary condition
In this case
and
(3.11)
The fundamental solution to the first Dirichlet problem under zero initial conditions
This solution corresponds to the choice
and is expressed as
The fundamental solution to the second Dirichlet problem under zero initial conditions is obtained from (3.12) by multiplying each term in the series by (−1) n+1 (see Eq. (2.6)).
The Neumann boundary condition
The time-fractional diffusion-wave equation (3.1) is solved under initial conditions (3.2) and (3.3) and the Neumann boundary conditions
The solution is expressed by a formula similar to (3.7) with G g 1 and G g 2 being the fundamental solutions to the first and second Neumann problems, respectively.
The fundamental solution to the first Cauchy problem under zero Neumann boundary condition
To solve the problems under Neumann boundary condition the Laplace transform (2.1) with respect to time t, the finite cos-Fourier transform (2.7) we respect to the angular coordinate ϕ, and the Hankel transform (2.10) of the order ν = nπ/ϕ 0 with respect to the radial coordinate r are used. The solution has the following form
Recall that the prime near the summation symbol means that the term with n = 0 is multiplied by 1/2.
The fundamental solution to the second Cauchy problem under zero Neumann boundary condition
(4.4) 
The fundamental solution to the source problem under zero Neumann boundary condition
G Φ (r, ϕ, ρ, φ, t) = 2t α−1 ϕ 0 ∞ n=0 cos nπϕ ϕ 0 cos nπφ ϕ 0 × ∞ 0 E α,α −aξ 2 t α J nπ/ϕ 0 (rξ) J nπ/ϕ 0 (ρξ) ξ dξ.
The fundamental solution to the first mathematical Neumann problem under zero initial conditions
and the boundary condition at ϕ = 0 is formulated as
In Eq. (4.6), we have introduced the constant multiplier g 0 to obtain the nondimensional quantities used in numerical calculations. The solution has the form:
For classical diffusion equation (α = 1), using Eq. (A.1) from Appendix, we obtain [1]
In the particular case of the wave equation (α = 2), taking into account Eq. (A.2) from Appendix, we get
where Ψ(r, ρ, t) is expressed in terms of the Legendre functions:
The dependence of nondimensional fundamental solution (4.7) 
The fundamental solution to the first physical Neumann problem under zero initial conditions
For the physical Neumann problem, the boundary condition is formulated in terms of the normal component of the heat flux (see [23] , [26] ):
where D
1−α
RL f (t) and I α−1 f (t) are the Riemann-Liouville fractional derivative and fractional integral, respectively (see e.g. [6] , [9] , [19] , [29] ).
The solution is expressed as In the limiting case α → 0 corresponding to the so-called localized diffusion the solution is obtained using Eq. (A.3) from Appendix and reads: The fundamental solutions to the second mathematical and physical Neumann problems, when the nonzero bounadry conditions are given at the boundary ϕ = ϕ 0 , are obtained from Eqs. (4.7) and (4.12) by multiplying each term in the series by (−1) n (see Eq. (2.9) with taking into account that in the left-hand sides of equations corresponding to (4.6), (4.10) and (4.11) there appears the sign "plus").
Concluding remarks
The time fractional diffusion-wave equation covers the whole spectrum from the localized diffusion (the Helmholtz equation when the order of the time-derivative α → 0) through the standard diffusion equation (represented by the particular case α = 1) to the ballistic diffusion (the wave equation when α = 2). We have derived the analytical solutions to the timefractional diffusion-wave equation in a wedge under Dirichlet, mathematical and physical Neumann boundary conditions. The integral transform technique has been used. It should be emphasized that the obtained fundamental solutions are expressed in terms of the Mittag-Leffler functions, in particular in the fundamental solutions to the mathematical and physical Neumann problems there appear the Mittag-Leffler functions E α,α (−x) and E α (−x), respectively. The difference between the mathematical and physical Neumann boundary conditions (as well as the difference between the solutions) disappear in the case of standard diffusion equation corresponding to α = 1. In this case the solutions (4.7) and (4.12) coincide and are equal to the solution (4.8).
